Minkowski four-space uniqueness theorems are used to develop further the author's "relativistic longitudinal gauge" [J. Math. Phys. 40, 4911 (1999)] for four-irrotational classical four-vector fields. A theorem is developed which distinguishes between two and only two "physical" classes of classical four-vector fields. One must satisfy the "relativistic transverse gauge", i.e., the Lorentz condition, while the other must satisfy this new relativistic longitudinal gauge where its four-curl, the Maxwell field tensor itself, is set to zero. The Lagrangian density of the new four-irrotational four-vector field is distinguished from the usual Lorentz constrained Lagrangian density by the incorporation of an additional overall minus sign. Application of the relativistic longitudinal gauge, in the four-irrotational four-vector field case, eliminates the badly behaved terms associated with the spatial degrees of freedom from a most general, fully quadratic, Lagrangian density. The resulting constrained Lagrangian density is bounded from below and therefore a relativistic longitudinal classical four-vector field has the possibility of a physical interpretation.
II. MATHEMATICAL BACKGROUND
Before proceeding, a few preliminary definitions are made. The nonzero components of the flat space Minkowski metric tensor η µν are taken as −η 00 = η 11 = η 22 = η 33 = −1. So, the ordinary four-vector derivatives are taken as ∂ µ = ((1/c)∂/∂t, ∇) and ∂ µ = ((1/c)∂/∂t, −∇). Similarly, the position four-vector x ν = (ct, x, y, z), and so x ν = (ct, −x, −y, −z) in this (+ − −−) signature metric.
Next, it is assumed that the most general form of Lagrangian density for a four-vector field, which is no more than quadratic in its variables and their derivatives, is given by the so-called Stueckelburg Lagrangian density 2, 3 (in SI units where 0 is the free space permittivity and c is the speed of light),
where j ν = (ρc, j) is the usual four-vector current, where the positive real constant λ is a Lagrange multiplier for the Lorentz constraint term, and where µ = 2π/λ C = 2πmc/h is the Compton wave number for photons of mass m. A choice of λ = 0 and µ = 0 yields what many physicists believe to be the electromagnetic theory, with its massless photons, i.e., when an appropriate constraint is externally imposed. However, the choice of λ = 0 has the distinct disadvantage of implying a vanishing momentum canonically conjugate to the zeroth component of the four-vector potential A ν = (φ/c, A). The incorporation of the Lorentz constraint term, with its ∂φ/∂t functionality, eliminates this deficiency, and yields an added bonus in terms of the ease of renormalization of the theory. A particularly simple choice of λ = 1 (and µ = 0), then yields a Lagrangian density which is equivalent (i.e., differs by no more than a fourdivergence), to the so-called Fermi Lagrangian density. 4 The Fermi Lagrangian density is the most straightforward take off point for field quantization in terms of harmonic oscillators which correspond to massless photons (cf. Ref. 4) . The Stueckelburg Lagrangian density (1) also has the advantage of explicitly including the four-divergence and four-curl of A ν , which are in turn sufficient for the unique specification of a four-vector field as is reviewed in Sec. III C. The inclusion of the four-divergence in particular is what makes (1) the only suitable choice for the analysis of four-vector fields in the author's new relativistic longitudinal gauge.
III. APPLICATION OF THE MINKOWSKI SPACE UNIQUENESS THEOREMS OF REF. 1 TO TWO CLASSES OF FOUR-VECTOR FIELDS

A. Introduction of a new class of four-vector fields
In this chapter the Minkowski space uniqueness Theorem V of Ref.
1 will be applied to two general classes of classical four-vector fields. One class is comprised of fields of the same general form as a (massive) electromagnetic field. In the classical domain this class is characterized by (ostensibly pure real valued) fields constrained by a relativistic transverse gauge, i.e. by the Lorentz condition. The second class is comprised of fields whose Lagrangian density differs by an overall minus sign from the former. It turns out that the Minkowski space uniqueness Theorem V of Ref. 1 sheds new light on the distinction between these two classes of four-vector fields. The theorem leads to a unique selection of covariant constraints which not only render the electromagnetic field classically bounded from below in the usual way, but in addition render this new class of classical four-vector fields bounded from below as well.
Consider (1) , the classical free space Lagrangian density of the electromagnetic field (with a small mass), now written as (2) in terms of the electric field E and the magnetic field B, and with its Lorentz constraint term now with λ = 1, as follows:
Although the photon Compton wave number µ is certainly very tiny, if not actually zero, for the sake of generality, let us suppose that it is nonzero. Now, introducing the four-vector potential A µ = (φ/c, A) in the usual way
allows one to rewrite (2) entirely in terms of the potentials as
It is interesting to note that due to the inclusion of the Lorentz constraint term, every possible derivative in four-space of φ and A appear in (4) as meaningful squared quantities, i.e., to quadratic order.
It is important to note that the time derivative of A appears in the Lagrangian density (4) with a plus sign, since it is in a squared term. This is required for the classical action (i.e., the four-space integral of the Lagrangian density), to be bounded from below (i.e., have a finite minimum). What is not usually remarked about is the initially surprising fact that the time derivative term involving the scalar potential φ does not enter the Lagrangian density with a plus sign. Therefore, for a sufficiently rapid change in time, over a given time interval, one can make the action negative, thus preventing it from having a finite minimum under variation of its parameters, and thus violating the principle of least action. The Lorentz constraint addition to the Lagrangian density is therefore not bounded from below! Another consequence of this violation is that negative energy terms appear in the reciprocal space Hamiltonian, (cf. Ref. 5 , p. 378, Eq. (A64)).
In the quantized version of (4) , this leads to a commutation relation between creation and annihilation operators of the scalar photons associated with the scalar potential φ as follows:
(cf. Ref. 5 , p. 381, Eq. (B4b)). The minus sign on the right-hand side (rhs) of (5) leads to an indefinite metric Fock space.
[It is easily shown that an anti-Hermitian massive scalar field (i.e. adding an overall minus sign to the usual massive scalar field Lagrangian), leads to the same result, Eq. (5). Therefore, one might interpret a massive electromagnetic-type four-vector field as containing within it an anti-Hermitian scalar field as its zeroth component.] However, (for µ = 0) it is well known 2,6-8 that through the introduction of a subsidiary condition, the positive energy terms of the third component of the vector potential (i.e., the longitudinal photons), compensate for these negative energy scalar photons in the Hamiltonian. This allows a positive square norm Fock space to be developed after all. Indeed, this process is valuable in that it preserves the Lorentz covariance of the theory.
It is appropriate at this point to mention some historical aspects of the indefinite metric quantization procedure to drive home the point. A key issue for this procedure is the space-time coordinate parameterization itself. Two essentially different parameterizations of space-time coordinates exist which therefore lead to two different ways of approaching this procedure.
The current, fairly universal definition is to parameterize space-time with a contravariant four-vector x µ in a Riemannian space, here assumed to be without gravitational fields (i.e., a flat space),
The covariant four-vector x µ is then obtained by contraction with the flat space Minkowski metric tensor η µν as
(Here η µν is the diagonal form, as defined in Sec. 1, of the more general metric tensor g µν for the case of vanishing gravitational fields.) Minkowski on the other hand, in 1908, had already introduced the concept of an imaginary valued fourth coordinate for time. 9 Thus, an intriguing complex space-time parameterization has frequently been used instead of Eqs. (6a) and (6b) as follows:
with a pure imaginary valued fourth coordinate x 4 = ict, and where only lowered indices are used in tensor equations. The basic difference between the two parameterizations is that no allowance for a possible geometric description of gravitation was included in the space-time parameterization of (7). Therefore, due to the success of Einstein's General Theory of Relativity, the use of this space-time definition has for the most part been abandoned. In the middle of the century, however, authors still frequently used or at least referred to the complex space-time definition. Indeed, it would appear that Gupta 7 and Bleuler, 6 the developers of the indefinite metric quantization procedure for the electromagnetic field, were greatly influenced by it. Gupta used A µ = (A 0 , A 1 , A 2 , A 3 ) with A 4 = iA 0 for his four-vector potential, while Bleuler used A µ = (A, iV ) = (A 1 , A 2 , A 3 , A 4 ) for his four-vector potential, and they both used all lowered indices indicative of a flat space-time. So the vector potential components A 1 , A 2 , and A 3 , as well as the scalar potential A 0 = V are Hermitian operators for Gupta and Bleuler, but the key point is that A 4 = iA 0 = iV is thereby an anti-Hermitian operator! This fact is obvious with the space-time parameterization of (7), but is unfortunately submerged in the signature of (6). Thus, for Gupta and Bleuler the problems associated with the fourth component of the four-vector potential of electromagnetism stemmed from considering A µ to be a Hermitian operator, despite the fact that the fourth component was giving a negative energy. Their solution was essentially to do a unitary transformation using an indefinite Dirac metric 10 in order to force the anti-Hermitian A 4 to give pure imaginary expectation values. Insightful discussions of the method using the complex space-time definition (7) are given in Mandl 8 and Källén.
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Returning to the current investigation, it becomes interesting to turn the whole problem around and introduce an overall minus sign into a most general, fully quadratic Lagrangian of the form (2) . Underscored variables are all taken as pure real valued. [In a purely formal way one could however incorporate the overall minus sign in the Lagrangian into the quadratic fields by defining a pure imaginary valued four-vector potential K µ = iK µ = i(κ/c, K), where K µ is a pure real valued four-vector potential, since i 2 = −1. Similarly, for the source terms one could define pure imaginary valued sources, i.e., j
is a real four-current. Although purely formal, this does not in principle present a problem for a classical four-vector field where the force, Hamiltonian, etc., always contain products of pairs of these variables and are thereby real number fields.] With the different constants, o → g o and µ → µ g , one has the hypothetical free space Lagrangian density,
In analogy with the subscripts "em" in (2) which refer to the electromagnetic field, the subscripts "gi" in (8) , and throughout this article, label the theory of the fields G and I (or the pure imaginary valued G and I).
The real four-vector potential K µ of (8) is related to the real vector fields G and I as
so that upon substitution one obtains
One can then take K = 0 and ρ g = 0 to yield
That is, when K = 0 and ρ g = 0, the theory reduces to the equivalent of a pure real (i.e., Hermitian), scalar field theory! Note that the time derivative terms in the Lagrangian density (11) are positive and so this reduced Lagrangian is classically bounded from below. Of course, the vector potential components K (i.e., the effectively anti-Hermitian K), still have negative time derivative terms in the Lagrangian (10) and are therefore not bounded from below. However, the bottom line is that if one can eliminate the vector potential K in a satisfactory and nontrivial way, while preserving the effectively pure real degree of freedom (i.e., the scalar potential κ), then one will have available a new class of classical field theories.
B. Gauge considerations in classical field theory
A first method for eliminating the effectively anti-Hermitian degrees of freedom from (10) follows from an examination of the parallels between the electromagnetic theory and this new theory. In the case of electromagnetism, a noncovariant method for eliminating what is effectively an anti-Hermitian scalar potential iφ exists in the form of the Coulomb or transverse radiation gauge. A covariant method entails instead the use of a Lorentz gauge or the inclusion of Lorentz constraint terms in the Lagrangian density as in (2) .
The transverse and longitudinal aspects of vector fields in general and the electromagnetic field in particular yield important insights for the present investigation, so a short review of the topic is warranted, (cf. Refs. 5, 12, and 13). It is possible to decompose a vector field over all of a Euclidean three-space into the components
which are longitudinal, i.e., irrotational,
or transverse, i.e., solenoidal,
for all r. The decomposition into (13a) and (13b) is unique over all R 3 by Helmholtz's theorem. A discussion of the use of Helmholtz's theorem with fields which fall off only as fast as 1/r (e.g., potentials), is given in connection with the modified three-space Helmholtz identity (11b) in Ref. 1 . The Fourier spatial transform pair A(r) ↔ A(k) is now defined as follows:
The time dependence is shown here for reference, but will be subsequently suppressed. Additionally, one has the Fourier spatial transform pair ∇ ↔ ik which thereby yields for the longitudinal component,
and for the transverse component
for all k. Thus, the longitudinal vector field, A L (k), is parallel to the wave number k, while the transverse vector field, A T (k), is perpendicular to k. This decomposition of a vector field is however not generally Lorentz covariant (since, e.g., a vector field which is transverse in one inertial reference frame is not necessarily transverse in another). Next consider the gauge transformation of the second kind as defined by
or in covariant notation as
The gauge transformation (16) leaves E(r, t) and B(r, t) unchanged. In defining A via the Maxwell's equation ∇ · B = ∇ · ∇×A ≡ 0, a certain arbitrariness is left in A due to the vector identity ∇×∇F ≡ 0, where F = F (r, t) is the arbitrary sufficiently smooth scalar function appearing in (16a). So, in order to leave the electric field E(r, t) as defined by (3) unchanged, the transformation equation (16b) must be introduced as well. Note however that by a suitable extension of Theorem U of Ref. 1 to vector potential fields A which typically fall off only as fast as 1/r (see Ref. 1), one can uniquely specify the vector potential field A over all of a Euclidean three-space by specifying both its divergence and its curl. Consequentially, once the ∇×A is specified (in R 3 ), one must also specify the ∇ · A in order to specify A uniquely.
One way to specify the ∇ · A is with the Lorentz condition defined by
Equation (18) has the advantage that it is a relativistically invariant relation as can be seen by writing it in covariant notation as
Indeed, (19) is a four-divergence which coincidentally specifies the scalar potential φ as well. On the other hand, the Coloumb gauge defined as
has the disadvantage of being a noncovariant condition and consequently is not suitable for covariant uniqueness statements in Minkowski space. It is nevertheless interesting in that it is always possible to choose a gauge such that (20) is true in some particular inertial frame of reference (cf. Ref. 14) . Indeed ∇ · A(r, t) = 0 and ∇ · A (r, t) = 0 when A = A + ∇F implies that F is harmonic. And if the harmonic function F vanishes at infinity one therefore has F vanishing for all x µ as well. The condition (20) has therefore traditionally been considered to determine the gauge transformation uniquely. Now, using the gauge transformation comprised of (16a) and (16b), potentials A and φ can always be found to satisfy the Lorentz condition (18) with
leading to the associated requirement that
assuming of course that such a gauge function F (r, t) can be found. If one takes the further restriction
then the Lorentz condition would be invariant (provided ∂ µ A µ (x ν ) = 0 initially) under a restricted gauge transformation defined by Eqs. (16) and (23) and typically referred to as the Lorentz gauge.
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The gauge transformation of the second kind (16) is transformed to reciprocal space as
where the Fourier spatial transform pair φ(r) ↔ ϕ(k) is defined analogously to (14) , and where the transform pair F (r, t) ↔ F(k, t) represents the arbitrary scalar gauge function. It is important to note the last result of (24a) which shows that the transverse vector potential A T ↔ A T is gauge invariant, i.e., A T = A T or A T = A T . Only the longitudinal and scalar potentials are therefore changed by a gauge transformation of the second kind. Indeed, the Lorentz condition (18) similarly only relates the longitudinal and scalar potentials since with (15b), the reciprocal space version reduces to
For the Coulomb gauge, its reciprocal space version is
Here, the longitudinal vector potential is actually discarded, being set to zero. The vector potential in the Coulomb gauge is therefore entirely transverse.
Consider now the requirements for the present theoretical investigation of the Lagrangian density (10) . In this case, one wants to keep the degree of freedom associated with the scalar potential κ of (9) 
which following an inverse Fourier spatial transform implies that the vector potential is purely longitudinal, that is 
It is therefore possible to completely remove the transverse vector potential from the Lagrangian, Hamiltonian, and equations of motion in a gauge invariant fashion as would be required for consistency in this new longitudinal gauge. Naturally, as in the Coulomb gauge, one still has the noncovariant limitation of the approach so that one must choose a particular inertial reference frame for the sake of calculations. Nevertheless, the longitudinal gauge appears to be a logical first step because it removes the two badly behaved transverse degrees of freedom from K µ . Now, only the badly behaved longitudinal degree of freedom remains to be removed. This will be accomplished with a relativistically invariant constraint in Sec. III D which is a natural extension of the longitudinal gauge (27) to Minkowski space. 1, will now be applied to the case of a massless classical four-vector field in the relativistic transverse gauge (i.e., the electromagnetic field in the Lorentz gauge). This is the first of the two main Lagrangians as described at the beginning of Sec. III A, but now specialized to the massless case. The second case, the classical four-vector field of Lagrangian (10) in the relativistic longitudinal gauge (with µ g = 0), will be addressed in section III D. Examination of the electromagnetic case will provide a basic framework from which this new classical four-vector field will be subsequently approached.
The present analysis will be limited to the case of an unbounded region in Minkowski space. A theorem will therefore be stated as follows:
Theorem I: Given a suitable covariant scalar two-point retarded Green's function G (x, x ), the following identity holds for sufficiently smooth (massless) four-vector fields A µ (x σ ) which vanish sufficiently rapidly at infinity in the unbounded Minkowski space R 3+1 :
Proof: Theorem I follows from Theorem II of Ref. 1 for four-vector fields which vanish sufficiently rapidly at infinity in unbounded Minkowski space (i.e., the three-surface integral terms of the previous identity vanish in the limit).
[Note, the unprimed derivatives have been factored out of the integrands of (29) for convenience and there is a sign change due to the metric signature used in the present paper.] ♣ Theorem I is an unbounded Minkowski space generalization of the Helmholtz identity. One can now proceed in a manner that parallels the use of the Helmholtz identity in R 3 by stating a Helmholtz uniqueness theorem for four-vector fields in unbounded Minkowski space as follows:
Theorem II: A sufficiently smooth four-vector field A µ (x σ ) which vanishes sufficiently rapidly at infinity in the unbounded Minkowski space R 3+1 and which satisfies identity (29) (i.e., Theorem I) is uniquely specified by giving its four divergence and its four-curl. That is one must specify the following:
i.e., a rank zero source density and
i.e., a rank two circulation density, for all x σ . Proof: Theorem II is based on Theorem I and follows in a similar fashion as did Theorem V of Ref. 1 . ♣ Condition (30b) coincidentally also implies that c αµ = −c µα , i.e., that c αµ is anti-symmetric. Substitution of (30a) and (30b) into (29) now yields
for all x σ . So far the statements made are applicable to either of the two cases of four-vector fields previously defined. If one now defines the four-vector field A µ specifically to be the electromagnetic four-vector potential, it is at once obvious that the rank two circulation density c αµ defined in (30b) is just the electromagnetic field tensor F αµ . Similarly the condition (30a) bears a striking resemblance to the Lorentz condition, but with a nonzero rhs. Now, drawing from the comments made in the previous two sections, if one is to eliminate the effectively anti-Hermitian scalar potential φ from the Lagrangian density (4) in a relativistically invariant way and thus obtain a result that is classically bounded from below, one is lead to the specification of the relativistically invariant Lorentz condition (19) . The Lorentz condition (19) and the Maxwell field tensor F αµ are both invariant under the restricted gauge transformation defined by Eqs. (19) and (23) and which is usually referred to as the Lorentz gauge. Therefore, substituting the electromagnetic field tensor with c αµ = F αµ , while choosing the Lorentz condition (19) with s = ∂ ν A ν = 0, reduces (31) to the following:
The uniqueness statement (32) satisfies the requirement that the Lagrangian density is bounded from below as desired, through the Lorentz condition, and in addition places an additional restriction on allowable gauge transformations as is shown below. Performing a gauge transformation of the second kind as defined in (17) on the integral in (32) then gives
where, to avoid confusion, single primed variables indicate the gauge transformation and double primed variables are used to denote source point space-time variables.
It is easy to demonstrate that the electromagnetic field tensor is gauge invariant under the gauge transformation of the second kind (17) as follows:
and so (33) with (34) substituted reduces to
Comparison of the integral in the uniqueness statement (32) and the gauge transformed statement (35) then leads one to the surprising conclusion that
In other words, instead of the arbitrary scalar gauge function F (x σ ) being interpreted as a free field which satisfies the wave equation (23), and thereby forms part of the Lorentz gauge, one has instead by (36) that the gauge function F (x σ ) is constant or zero throughout Minkowski space. Therefore, the gauge transformation itself, under the restriction (36), is reduced to
which is no more than an identity transformation. This result is related to the fact that the transverse vector potential is always gauge invariant as shown in (24a), while the longitudinal vector potential and the scalar potential are changed by a gauge transformation of the second kind and are therefore non-unique. Although these later two degrees of freedom are effectively canceled by the Lorentz condition, they are not uniquely specified until an additional gauge restriction like (36) is applied to restrict the arbitrary gauge function F (x σ ). Definition: This combination of (32), (17) , and (36) will be referred to as a restricted relativistic transverse gauge. One concludes therefore that specifying A µ via the four-curl of A µ (i.e., the Maxwell field tensor F αµ ) in the uniqueness statement (32), while simultaneously specifying the four-divergence of A µ via the Lorentz condition (18), indeed leads to a unique four-vector potential A µ in that it reduces the gauge transformation of the second kind (17) to the identity transformation (37) via the gauge restriction (36). One is tempted to say that the uniqueness statement (32) is an over-specification of the vector potential A µ since it eliminates the gauge freedom evident in the gauge transformation (17) . Of course, the above uniqueness statement (32) is predicated on four-vector fields A µ which are sufficiently smooth, i.e., which are C 2 V 4 . However, these twice continuously differentiable functions would appear to be the appropriate ones for Lagrange equations of motion which in the present context are second order differential equations, e.g., the four-vector potential wave equation.
In the quantum field theory context, the gauge transformation (17) when combined with a local phase transformation
where q is the charge, allows one to minimally couple the electromagnetic field to the electron's Dirac field ψ(x), (cf. Ref. 16 ). However, the integral equation in the uniqueness statement (32) is in fact a vector identity when the Lorentz condition is assumed, as is the case in (32). The implication is that as soon as one imposes the Lorentz condition, the classical electromagnetic vector potential is unique via (32)! Before the reader becomes too alarmed, one should note that one is not actually allowed to impose the Lorentz condition in a strong fashion as an operator identity in the quantum domain since it would conflict with a certain canonical commutation relation, (cf. Ref. 16 ).
The most one can do is to impose the Lorentz condition in a weaker fashion as a restriction on the allowable states of the electromagnetic field as for example with
which restricts the positive frequency parts of ∂ ν A ν , (cf. Ref. 16 ). Therefore, the uniqueness statement (32) simply provides more evidence in support of the conclusion that the Lorentz condition is too strong a constraint in some situations. However, as remarked before, if one does not impose the Lorentz condition in the classical domain for Lagrangian densities like (4), which contain a Lorentz constraint term, the classical electromagnetic field is not bounded from below.
D. Uniqueness of the massless classical four-vector field in the relativistic longitudinal gauge
In Sec. III A, a new class of classical four-vector fields was introduced which was characterized by the Lagrangian (10) which differed from the usual electromagnetic-type Lagrangian by the introduction of an overall minus sign. In this section, Theorems I and II will now be applied to this new class of classical four-vector fields in the relativistic longitudinal gauge (again limited to the massless case).
The analysis parallels the electromagnetic case in Sec. III C. It will be convenient for comparing subsequent results to their electromagnetic counterparts to substitute (in a purely formal way) the pure imaginary valued version of the four-vector field, namely K µ = iK µ as previously defined in Sec. III A in connection with the Lagrangian density (8) . This notation will suppress the overall minus sign in the results. Therefore, one obtains for the four-divergence condition, instead of (30a), the following:
i.e., a rank zero source density, and for the four-curl condition, instead of (30b), the following:
i.e., a rank two circulation density, for all x σ . Similarly, instead of (31), one has the following:
for all x σ . Now, (40b) is analogous to the electromagnetic field tensor and so one can define the new field tensor
For consistency with the definition (9), the components of G αµ in SI units can be defined as
Next, one can define a Lagrangian density (as in (8) but retaining the pure imaginary variables) for the K µ field analogous to the relativistically invariant Stueckelburg Lagrangian density (1), but with the Lagrange multiplier λ = 1 and with the mass parameter µ g = 0, as follows:
where j gµ is the lowered index (pure imaginary valued) four-current density. As in the previous section for the electromagnetic field, one now seeks to eliminate any effectively anti-Hermitian degrees of freedom from (44), so as to obtain a Lagrangian density that is classically bounded from below. However, one can not specify a Lorentz condition in this case by specifying s gi = 0 in (40a) since this would eliminate the only effectively Hermitian degree of freedom, i.e., associated with the positive sign in the κ time derivative term in (8) . In addition, specification of the longitudinal gauge (27), while eliminating the two transverse degrees of freedom K T in a gauge invariant fashion, still leaves the longitudinal degree of freedom K L intact. Therefore, one of the three effectively anti-Hermitian degrees of freedom, i.e., associated with the negative sign in the K time derivative term in (8), would still remain. In addition, the longitudinal gauge (27) is not a relativistically covariant constraint. The longitudinal gauge (i.e., ∇×K = 0) will therefore be generalized to a relativistically invariant condition. A condition between K L and κ, analogous but quite different than the Lorentz condition, will be shown to follow from this relativistic generalization of the longitudinal gauge. This condition will enable one to eliminate the longitudinal degree of freedom in a relativistically invariant way. In addition, this condition will still eliminate the transverse degrees of freedom just as in the longitudinal gauge. This generalization will also shed new light on the theory of the relativistic transverse four-vector field.
Consider the relativistic generalization of the Coulomb or transverse gauge of (20) to the Lorentz condition or "relativistic transverse gauge" of (18), as follows:
or in tensor notation as
The important thing to note about Eqs. (45a) and (45b) is that the three-divergence of A is generalized into a relativistic four-divergence of A µ . Thus, a solenoidal vector field A (i.e., the transverse vector field of (13b)), is generalized into a four-solenoidal four-vector field A µ . In analogy with (45), one therefore surmises that the longitudinal gauge of (27), which includes (13a), has the relativistic generalization
where the association of I = ∇×K via (9) with the space part of the field tensor G µν of (43) has been used. Definition: The name "relativistic longitudinal gauge" 1 will therefore be chosen for gauges which use this new covariant gauge constraint
[Kalb and Ramond already in 1974 used a condition like (47) in their often quoted investigation of string interactions.
17 ]
The important thing to note about (46) is that the three-curl of K is generalized into a relativistic four-curl of K µ . Thus, an irrotational vector field K (i.e., the longitudinal vector field of (13a)), is generalized into a four-irrotational four-vector field K µ . Now, it already follows from I = ∇×K = 0 via (27) and (28) that K T = 0. Setting the remaining components of G µν to zero yields the additional condition
with its reciprocal space version,
where κ(r, t) ↔ κ(k, t). Since −ikκ is a longitudinal component, (49) implies that the longitudinal and transverse components of G(k, t) are each separately equal to zero, giving as a result
Now, taking the inverse Fourier spatial transforms of Eqs. (50a) and (50b) yields
Equation (51a) is the sought after condition relating the longitudinal vector potential and the scalar potential analogous to the Lorentz condition (18) but with the space and time derivatives switched with respect to K L and κ ! Also, equation (51b) is consistent with the previous requirement that K T = 0 in the nonrelativistic longitudinal gauge. Now, all three of the effectively anti-Hermitian degrees of freedom, i.e., associated with the negative sign in the K time derivative term in (8) , are successfully eliminated from the Lagrangian density (44) by the relativistic longitudinal gauge (47). Substituting (47) using (42) and (40b), while also substituting (40a), into (41) then yields
The result (52) is a preliminary uniqueness statement for the four-vector field K µ . Although satisfying the requirement that the Lagrangian density (44) is bounded from below through the relativistic longitudinal gauge, an additional restriction on allowable gauge transformations is required in order to yield a unique four-vector field as is shown below.
Performing a gauge transformation of the second kind, defined in analogy to the electromagnetic field case (17), as
on the integral in (52) then gives
where, to avoid confusion, single primed variables indicate the gauge transformation and double primed variables are used to denote source point space-time variables. In order for (54) to be identical in form to (52), and thus gauge invariant, it is sufficient to take as a gauge restriction the following:
Interestingly, (55) yields a gauge function F g (x σ ) which satisfies the same requirement, i.e., that it be a free field, as for the case of the Lorentz gauge in electromagnetism (cf. (23)). In the electromagnetic case the restriction on
ν (x σ ) = 0 initially, or in general. Therefore, the gauge restriction (55) only implies that the four-divergence of K µ is gauge invariant in this special gauge as the following demonstrates:
The trivial gauge restriction
which makes the gauge transformation (53) an identity transformation, also leads to the result (56). Recall that the transverse vector potential is always gauge invariant and that in the present case the constraint (47) requires that is is always zero. On the other hand, the longitudinal vector potential and the scalar potential are changed by a gauge transformation of the second kind when the arbitrary gauge function F g (x σ ) remains unrestricted or even partially restricted as in (55). These later two degrees of freedom are therefore non-unique until an additional gauge restriction like (57) is applied. Therefore, a complete uniqueness statement for the four-vector field K µ is comprised of the preliminary uniqueness statement (52), the gauge transformation (53), and the trivial gauge restriction (57).
Definition: This combination of (52), (53), and (57) will be referred to as a restricted relativistic longitudinal gauge. It should also be noted that the relativistic longitudinal gauge condition (47) is of course gauge invariant in any gauge defined by (53) as a calculation analogous to the electromagnetic one (34) would clearly show. The relativistic longitudinal gauge condition (47) is therefore both relativistically invariant and gauge invariant as desired. However, judging from the quantum electrodynamic case as discussed in relation to (38) and (39), it is likely that the gauge condition (47) is too strong a constraint to impose quantum mechanically. One would then impose the relativistic longitudinal gauge constraint (47) in a weaker fashion as a restriction on the allowable states of the (formally antiHermitian) field K µ as for example with
which restricts the positive frequency parts of G µν . The restriction (58) amounts to several constraint equations. These constraint equations are needed to eliminate the three effectively anti-Hermitian degrees of freedom associated with the three-vector potential K, thereby leaving only the effectively Hermitian degree of freedom associated with the scalar potential κ, as desired.
IV. CANONICAL FORMULATION OF THE RELATIVISTIC LONGITUDINAL CLASSICAL FOUR-VECTOR FIELD
A. The case of four-vector current coupling
Based on the gauge considerations in Sec. III, a classical free space Lagrangian density for a massive four-vector field in the relativistic longitudinal gauge would most likely be of the type (8), having a built in Lorentz constraint term (now multiplied by the arbitrary parameter λ g ) and a small g-photon mass term with a Compton wave number µ g . Also, the constant g o is the "permittivity" of free space in SI units for this four-vector field. Therefore, one has a so-called Stueckelberg Lagrangian
which is no longer multiplied by an overall minus sign as in (8), since all the fields and sources are now taken for notational convenience as pure imaginary valued. Consequentially, relativistic longitudinal and transverse fields are covered here in one comprehensive formalism with only a change of variables required to switch between the cases. The case of pseudo-four-vector current coupling is discussed in Sec. IV C. Now, the four-vector potential K µ is related to the vector fields G and I in the same way as in (9), i.e.,
Also, the field tensor G µν is defined in (42) and (43), and so the Lagrangian density (59) in covariant notation is
The Euler-Lagrange equations of motion as defined by
follow from the Lagrangian density (61) as
Taking the four-divergence of (63) yields
Simplifying (64) and assuming a conserved (four-vector) current ∂ µ j µ g = 0 yields
Thus, for λ g = 0 and a conserved current the four-divergence ∂ µ K µ forms a free scalar field which satisfies the Klein-Gordon equation with a "mass" (i.e., wave number),
where λ g > 0 has been assumed to ensure that m 2 s > 0. One can now define, by analogy with what has been referred to for a massive electromagnetic-type theory as a "transverse" field, 2 the following:
Taking the four-divergence of (67) gives
which is zero by (65). Therefore, one finds that the field K T µ is as a result divergenceless. Rearranging (67) slightly into
implies that K µ can be split into so-called "transverse" and "scalar" parts. After canonical quantization, the usual analysis of the massive electromagnetic-type theory leads to an indefinite metric with different masses for the vector and scalar components of its creation and annihilation operators.
2 In the present case, however, one should expect, in light of this paper, that the three spatial vector components will be the ones leading to an indefinite metric, as opposed to the zeroth or scalar component in the usual analysis.
The classical canonical formalism now proceeds with a calculation of the covariant canonical momentum, defined in terms of the Lagrangian density (61), as follows: 
Clearly, the covariant canonical momentum Π ν gi is a function of both ∂ σ K σ and the time components of G µν . This can be brought into sharper focus by defining a second rank canonical momentum tensor density as follows:
Only terms with λ = µ and ρ = ν or with λ = ν and ρ = µ survive the contraction on λ and ρ, which since
as the second rank canonical momentum tensor density. From this point of view, the relativistic transverse gauge (i.e., the Lorentz condition) causes the symmetric part of Π µν gi , here the diagonal elements, to vanish. On the other hand, the relativistic longitudinal gauge (47) (i.e., G µν = 0) causes the anti-symmetric part of Π µν gi to vanish. In passing, it is interesting to note that (72) and (73) can be used to express the Lagrange equation of motion (63) via (62) in the more compressed notation:
Thus, (73) can be thought of as a generalization of the Maxwell field tensor G µν to include a symmetric part, i.e., including diagonal elements associated with the momentum canonically conjugate to the scalar component K 0 = κ/c. A further insight into the distinction between the "gauges" can be obtained from a calculation of the stress energymomentum tensor of the four-vector field K µ . One first calculates the canonical stress tensor
With the result (73) and the Lagrangian density (61) of the field coupled to an external current, one obtains
The first term of (76) is nonsymmetrical and nongauge invariant and so in the usual analysis of the electromagnetic field, one carries out a symmetrization process where, due to the nonuniqueness of the Lagrangian, a four-divergence is added which is equal to a vanishing surface term by the four-dimensional form of Gauss' divergence theorem. In the present case, the second term also has the appearance of a nonsymmetrical term. But, in light of the relativistic longitudinal gauge (47), this term in the stress tensor is nonzero and is actually symmetrical, i.e., ∂ ν K µ = ∂ µ K ν , for the relativistic longitudinal field case. In the relativistic transverse field case, one of course imposes the Lorentz condition and this term vanishes. Nevertheless, in order to show the consistency of the entire extended Lagrangian formulation (61) under either relativistically transverse or longitudinal gauge constraints, the usual symmetrization procedure will be carried out by adding a four divergence to (76) as follows:
Substitution of the canonical stress tensor (76) into (77) then yields
Substitution of (42) into (78) with
as the new "symmetrized" energy-momentum tensor density. One now breaks up Θ µν using the usual definition of the pure electromagnetic-type energy-momentum tensor Θ µν T , which could be regarded as representing a "massless" transverse part of the field, along with the definition of a new Θ µν L , which could be regarded as representing a "massive" longitudinal part of the field. External current terms in general and certain terms associated with the transverse field's mass in particular are left separate, along with one other term yielding
where the equation of motion (63), rewritten using (42) as
has been substituted in the last term of (79), and where the following definitions are used:
In the relativistic transverse gauge, the Lorentz condition reduces (80), yielding the total transverse energymomentum tensor density
where the third term of (84) is an additional mass term that comes from Θ µν L . For µ g = 0, (84) is the usual electromagnetic-type energy-momentum tensor in the presence of an external current, (cf. pp.
22-25 of Ref. 2).
Taking a four divergence of the pure electromagnetic-type "massless" transverse energy-momentum tensor (82) yields the force density f
where the minus sign on the left-hand side (lhs) of (85) is chosen in the (+ − −−) signature so as to produce the right sign in the Lorentz-type force law for the transverse field. Using the equation of motion (81) and the anti-symmetry of G µλ , Eq. (85) becomes
But, the last two terms of (86) can be rewritten as
where the last equality is zero since it is a contraction of an anti-symmetric and a symmetric factor in µ and λ, and where the second line of (87) has been transformed into the third line using the source free Maxwell-type equations written in covariant form and contracted by g µρ and g λσ as follows:
Therefore, with the result (87), Eq. (86) reduces to
The first term of (89) is a Lorentz-type force density f ν Lorentz = −j gλ G λν . Naturally, when in the Lorentz gauge and when µ g = 0, this is the only surviving term. A slightly more involved four-divergence of the total transverse energy-momentum stress tensor (84), that is including the other terms associated with the external currents and field mass, yields
which is of the same form as the result for the electromagnetic case, (cf. Eq. (1-118) on p. 25 in Ref.
2), except for an implicit factor of −1 due to the quadratic appearance of the pure imaginary variables (in this notation).
In the relativistic longitudinal gauge, where G µν = 0, (80) simplifies to
where the last term of (80) vanishes due to the vanishing of the lhs of the equation of motion (81) in the relativistic longitudinal gauge. [It should be noted in passing that (91) can be obtained directly without using the symmetrization procedure (77) since all the terms containing G µν vanish in the relativistic longitudinal gauge.] Taking a fourdivergence of the pure field part of the energy-momentum tensor (91), i.e., of (83), gives
Upon commuting some of the four-vector derivatives, the second and third terms of (92) cancel (in flat space-time) yielding
where g µν G νσ = 0 has been used on the first term. The result can be simplified more if one rewrites (81) as
where commuted derivatives and (47) are used, so that with the application of the relativistic longitudinal gauge in the form
as the new field equation of motion in the relativistic longitudinal gauge. Therefore, using (95), Eq. (93) reduces finally to
as the force density of the pure field energy-momentum tensor (83) in the relativistic longitudinal gauge, where either of the expressions in (96) are equivalent since G µν = 0. Taking the four-divergence of (91) instead, which includes the effect of the external current while using the result (96) for the longitudinal pure field part gives
which yields the same result as for the transverse field (90), namely,
It is clear, however, that the relativistic longitudinal gauge has radically changed the nature of the force law associated with the pure field case to (96). Compare with the relativistic transverse pure field case (89) with its first term as the familiar Lorentz-type force law. It is instructive to write out the components of the second version of (96) as
where j µ g = (ρc, j g ) = (ρc, ρu), with u as the ordinary velocity of the charge density ρ, and where use has been made of the convective derivative,
Although one can express the four-current as j µ g = ρ(c, u) = ρv µ using a non-invariant four component velocity v µ ≡ (c, u), it is more convenient to express the four-current in terms of the invariant four-velocity u µ ≡ (γc, γu),
Use has been made of the formula ρ = γρ o in (101), which reflects a Lorentz contraction in the direction of motion of the volume which contains the invariant proper rest charge density ρ o of the g-charges. The form (99), with ρ = γρ o substituted for the charge density, is then especially convenient for expressing the power density or zeroth component of the four-force law as
where τ is the proper time and where d/dτ = γ d/dt. The energy density then follows easily from (102) as E = ρ o κ + constant. Next consider the first of the two equivalent versions of (96) written out in components as
One can then express the four-force f ν in terms of the proper rest mass density ζ o as
Equation (104) follows from the canonical formalism if the term − 1 2 ζ o u µ u µ is added to the Lagrangian density. Combining (104) and (103), while using the formula ρ = γρ o and Eq. (101), then yields
This form of the pure field four-force in the relativistic longitudinal gauge is especially convenient for expressing the three-force density or space components of f ν L as follows:
[Although (106) looks different than the space components of (99), i.e., the second version of (96), they are really the same in the relativistic longitudinal gauge where the second terms are equal by the three-vector version of (46), and the first terms are equal by (51a).] Using the three-vector version of (46) on the second term of (106) and writing the result in three-vector notation yields
where a factor of γ has been canceled in writing (107). Multiplying (107) by the rest volume V o which contains all of the g-charges and masses, while simultaneously assuming only one particle is present in V o , allows one to obtain the single particle force equation using the formulas g = ρ o V o and m o = ζ o V o as follows:
It is desirable, however, to eliminate the effectively anti-Hermitian vector potential K from (108) so as to express the force law entirely in terms of the effectively Hermitian component κ = cK 0 . In this regard, it is convenient to set the Lorentz constraint parameter in the Lagrangian density (61) to λ g = 1, so that the Lagrange equation of motion (63) becomes
where it is entirely analogous to the case of a massive electromagnetic-type field in the Lorentz gauge. If one takes the case where the mass parameter µ g = 0 in the wave equation (109), one can obtain the usual retarded potential solutions. In the case of a point charge, it is well known that the retarded potential solutions reduce to the Liénard-Wiechert potentials, which in the g-charge case are written as follows:
where u is the ordinary velocity of the charge g at the source point. [Note however that the Liénard-Wiechert potentials themselves are known to satisfy the Lorentz condition, i.e., the relativistic transverse gauge. Additionally the Liénard-Wiechert potentials lead in general to a nonzero field tensor G µν . Therefore the Liénard-Wiechert potentials do not appear to be appropriate for the case of a relativistic longitudinal field where G µν = 0 and one wants ∂ σ K σ = 0. Nevertheless, it is interesting to explore their use in the present situation to see if it leads to some kind of useful ansatz. In Sec. IV B a four-vector potential example which does satisfy the relativistic longitudinal gauge will be explored.] Rewriting (110a) as
demonstrates that, at least for the case of a point charge and a massless field, the vector potential K can be eliminated in favor of the scalar potential κ in a straightforward manner. However, it was shown in (27), (28), and (46) that in the relativistic longitudinal gauge the transverse vector potential K T = 0, and so K is purely longitudinal, i.e., K = K L and must satisfy (27). Equation (111) therefore reduces to
where the longitudinal velocity u L ≡ k · u k is the projection of the ordinary velocity u in the direction of the wave number unit vector k. Substitution of (112) into (108) yields
as the force equation as following from the ansatz (111) for a point particle with rest mass m o = m o1 and charge g = g 1 in the presence of a massless four-vector field (and presumably still in the relativistic longitudinal gauge), but written entirely in terms of (110b), the retarded scalar field κ 2 of a second point charge g = g 2 . Note that since each g-charge is pure imaginary valued in this notation, the force law (113) includes a factor of i 2 = −1, indicating that the force is predominantly attractive between like g-charges.
It is interesting at this point to compare the preceding results with a force law derived directly from an interaction Lagrangian formulation. Consider the single particle Lagrangian
The interaction Lagrangian density of a four-vector field (κ 2 /c, K 2 ) of a second particle interacting with a particle of charge g 1 and rest mass m o1 is presumably of the form
(i.e., L I = −j gµ K µ ). The single particle Lagrangian (114) with (115) substituted yields as its Euler-Lagrange equations of motion a Lorentz-type force law
In the relativistic longitudinal gauge this Lorentz-type force vanishes since the two bracketed terms on the rhs of (116) vanish via (46) and (51), (or by (47) substituted into a Lorentz-type force density f ν Lorentz = −j gλ G λν ). Therefore the force law (116) is not consistent with the force densities (108) or (113) which followed from the manifestly covariant stress tensor formulation in the special case of a massless field. One could regard this inconsistency as ruling out an interaction of a relativistic longitudinal field with a conserved g-charge four-current j µ g , arguing that the canonical momentum density associated with the K 0 = κ/c component of the field Lagrangian density (59), namely
is a free field due to (65). This is in contradistinction to a relativistic transverse field where the canonical momentum density
associated with the K k components is not a free field since
which follows from (63) in a Lorentz gauge. The G 0i components (defined in (43)) are proportional to the momenta canonically conjugate to the K i components and so by (119) they are not associated with a free field. Also, the Stueckelburg Lagrangian density (59), despite being the most general quadratic Lagrangian for a four-vector field, is not gauge invariant due to the field mass term and the Lorentz constraint term. As a result the force density (96) in the relativistic longitudinal gauge is not gauge invariant either, and is dependent on the gauge function F g of the gauge transformation (53), even in a relativistic longitudinal gauge defined by (52), (53), and (55), as the following demonstrates:
where both of the equivalent forms of (96) have been gauge transformed in (120). This dependence on the gauge function F g (when F g is nonconstant), can only be removed by removing the interaction term −j gµ K µ from the Lagrangian density (61), thereby precluding an interaction with a conserved four-vector current j µ g . The inconsistency of the force laws is then also removed as well.
It appears then that an interaction with a conserved four-vector current of g-charges j µ g would be ruled out and consequently a relativistic longitudinal four-vector field would appear to be best described as a free field. A study of a theory including a fourth-order self-interaction term
analogous to a φ 4 scalar field theory, is therefore warranted (but is not done here). [The sign of the L (4) I term is chosen so that the zeroth or scalar components agree with the φ 4 scalar field theory.] Now, consider again Θ µν , the new "symmetrized" energy-momentum tensor density (80) composed of (82), the pure electromagnetic-type energy-momentum tensor Θ Despite this problem, a few calculations will be made for the sake of completeness.] When terms associated with the external current are set to zero, the momentum density (in energy units) of (80) in the relativistic transverse gauge is
since G 00 = 0. The "transverse" field momentum (in momentum units) reduces to
which is the usual result plus an added mass term. On the other hand, the tensor Θ µν of (80) reduces in the relativistic longitudinal gauge to (91) due to the equation of motion (81). Then when terms associated with the external current are set to zero, the momentum density (in energy units) follows from (83) as
The space integral of (124) times 1/c is the longitudinal field momentum
since ∂ j → −∇. Interestingly, in the longitudinal case since the mass term in (83) is diagonal, there is no mass contribution to the field momentum density (124), while in the previous case of the transverse field there is a nondiagonal mass term which therefore shows up in (122). A similar calculation for a massive pure real scalar field would yield only the partial time derivative term in (125), as well as an overall minus sign (cf. p. 45 of Ref. 4) . The analogous minus sign is however implied in (125) since κ is pure imaginary valued and so the first term in (125) is consistent with a scalar field with coupling constant λ g g 0 . The second term of (125) is then basically a relativistic extension of a massive scalar field.
Next, one can calculate the angular momentum of the K µ field in the relativistic longitudinal gauge. In an isolated region, free of currents (assuming that they could be consistently coupled to the field in the first place), the longitudinal energy-momentum stress tensor Θ µν L is conserved, i.e.,
by (96) when j gµ = 0. It is also symmetric by its definition (83), i.e., Θ
These two properties allow one to define a covariant third-rank tensor (anti-symmetric in µ and ν)
which is conserved (as ∂ λ acting on (127) while using the symmetry of Θ µν L clearly shows). The conservation of the symmetric longitudinal energy-momentum stress tensor (83) and of the anti-symmetric third rank tensor (127) (which together comprise the ten generators of the Lorentz group) implies that the classical theory of the four-vector field K µ in the relativistic longitudinal gauge is invariant under the inhomogeneous Lorentz group. Next, the total angular momentum J µν L is then the volume integral of the λ = 0 component of (127), that is,
The i, j components of this anti-symmetric tensor J µν L , with (83) substituted, gives
In the center of mass frame of the particle this is also the intrinsic spin angular momentum, i.e.,
so that in three-vector notation one has finally
Note, it is possible to eliminate K L from (131) in favor of κ using (112) as an ansatz. However, it has not yet been proved whether or not (112), which was derived only for the special case of a point particle interacting with a massless field using Liénard-Wiechert potentials, holds in general. As in the earlier calculation of the field momentum (125), a similar calculation for a massive pure real scalar field would yield only the partial time derivative term in (131), as well as an overall minus sign. The analogous minus sign is implied in (131) again since κ is formally pure imaginary valued and so the first term in (131) is consistent with a scalar field with coupling constant λ g g o . The second term of (131) can then be interpreted as a relativistic extension of a massive scalar field. Next, the Hamiltonian density of the four-vector field K µ is furnished by a calculation of the zero-zero component of the energy-momentum tensor Θ µν in the relativistic longitudinal gauge starting with (91) as follows:
or in component form with K = K L in the relativistic longitudinal gauge,
Canceling and combining terms yields the energy density,
which is bounded from below since an implicit factor of minus one due to the pure imaginary valued field (i.e.,
2 , where K 0 is pure real) cancels the minus sign on the time partial derivative term. A time derivative term involving K L , the badly behaved part of the four-vector field in this case, is not present in the relativistic longitudinal gauge! In passing note that if one applies the ansatz (112) to Eq. (134), while substituting j g1 = ρ g1 u 1 and κ 2 = cK 0 2 to distinguish the field from the current density as in (113), one would then obtain
which is expressed entirely in terms of the well behaved degree of freedom κ.
In an entirely similar fashion one could apply the relativistic longitudinal gauge (47) to the Lagrangian density (61) thus obtaining
Since the individual terms in (136) are of the same functional form as in (132), then by the same arguments that lead to (134) (or by setting the first bracketed term in (59) to zero) it is clear that the relativistic longitudinal gauge Lagrangian density (136) is also bounded from below, and so is its associated action integral. And since the above Hamiltonian and Lagrangian densities in the relativistic longitudinal gauge are bounded from below, the (pure imaginary valued) classical four-vector field K µ satisfies the principle requirement for a physical field in the classical domain.
A theorem can therefore be stated as follows: Theorem III (Physical classes of classical four-vector fields): There are two and only two nontrivial classes of sufficiently smooth classical four-vector fields in unbounded Minkowski space which under covariant constraint are potentially physical, i.e., with a Lagrangian density that is bounded from below. The Lagrangian density itself is assumed to be sufficiently general in the sense that it is fully quadratic in its variables and its derivatives as for example with the Stueckelberg Lagrangians (1) and (61). These two classes are characterized as follows:
1. Four-Vector Fields A µ : An ostensibly pure real valued four-vector field A µ (x ν ) which is defined by the Lagrangian density (1), must be constrained by the relativistic transverse gauge ∂ σ A σ (x ν ) = 0, i.e., by the Lorentz condition, in order for it to be potentially physical. In other words a pure real valued four-vector field must be four-solenoidal in order for it to be classically bounded from below. 2. Four-Vector Fields K µ : A formally pure imaginary valued four-vector field K µ (x ν ) which is defined by the Lagrangian density (61), must be constrained by the relativistic longitudinal gauge
in order for it to be potentially physical. In other words, the four-vector field K µ (x ν ) must be four-irrotational in order for it to be classically bounded from below.
Proof: Consider that the Stueckelberg Lagrangians (1) and (61) are quadratic in quantities which in turn are linear in the partial derivative ∂ µ , namely F µν or G µν and ∂ µ A µ or ∂ µ K µ , respectively. Also, the specification of these two types of linear combinations of ∂ µ and the four-vector field, i.e., the four-curl and the four-divergence, over the entire (unbounded) four-space volume of R 3+1 uniquely specifies a sufficiently smooth four-vector field by Theorem II of Sec III C. [And there is a corollary requiring only the additional specification of the (real) nonzero mass parameters µ and µ g which follows from Theorem XII of Ref.
1.] Specifically, there are two and only two linearly independent constraints which are linear in the four-curl or the four-divergence and which remove time derivative terms from a Stueckelberg Lagrangian. These two are the relativistic longitudinal gauge where one sets the four-curl to zero, and the relativistic transverse gauge, i.e., the Lorentz condition, where one sets the four-divergence to zero. [The cases where the four-curl or the four-divergence are set to a constant will be considered trivial (or linearly dependent).] Now, only the following cases of the application of these two constraints can occur.
The four-vector field K µ in the relativistic longitudinal gauge has already been proved to be classically bounded from below, (see the discussions accompanying the Hamiltonian density (134) and the Lagrangian density (136)). Also, the field momentum (125) demonstrates that this case can be looked at as a relativistic extension of a scalar field and so this is indeed a new four-vector field case (and not just the usual theory of a scalar field). For the ostensibly pure real valued four-vector field A µ in the relativistic transverse gauge, the Lorentz condition ∂ µ A µ = 0 reduces the Lagrangian density (1) to
All the badly behaved time derivative terms, i.e., those involving the scalar potential A 0 = φ/c with their leading minus signs, are now eliminated from the Lagrangian density as can be seen by applying the Lorentz condition to (4) . The pure real four-vector field in the relativistic transverse gauge is therefore classically bounded from below, as is well known. Applying both the relativistic longitudinal gauge and the Lorentz gauge simultaneously eliminates all four of the degrees of freedom from a Stueckelberg Lagrangian and therefore leads to a trivial case. Applying the relativistic longitudinal gauge to a pure real valued four-vector field, or applying the Lorentz gauge to a formally pure imaginary valued four-vector field, leads to Lagrangian densities that are not bounded from below because the badly behaved degrees of freedom from a Stueckelberg Lagrangian would be retained. This covers all the possible cases of the application of the two covariant constraints. Therefore, only the covariantly constrained four-vector fields in the two and only two classes specified in Theorem III are bounded from below, thus proving Theorem III. ♣ A few additional comments are in order. It should be apparent that a simultaneous application of the (nonrelativistic) longitudinal gauge (with I = ∇×K = 0 eliminating all but the mass term in (123)), and the Lorentz gauge (with ∂ σ K σ = 0 causing the longitudinal field momentum (125) to vanish), leads to a trivial case since for a (massless field) there would be no field momentum transport at all. Similarly, a simultaneous application of the (nonrelativistic) longitudinal gauge (which implies K T = 0), and the Coulomb gauge (with ∇ · K = 0 implying K L = 0 and φ = 0), leads to a trivial case. On the other hand, a massless real valued four-vector field in the Coulomb gauge leads to a two degree of freedom theory which is classically bounded from below. But the Coulomb gauge is nonmanifestly covariant and leads to essentially the same result in the massless field case as the covariant Lorentz gauge and this type of four-vector field (e.g., electromagnetism) is already covered (covariantly) in Theorem III. It is reasonable therefore to conclude that Theorem III covers all of the potentially physically interesting cases of classical four-vector fields.
B. Pure gauge and ghost fields
A four-vector field which does not need to involve the Liénard-Wiechert potentials will be briefly considered. In fact this four-vector field actually satisfies a relativistic longitudinal gauge condition F µν = 0. Consider the "pure gauge" field [i.e., a field which can be removed by the gauge transformation (17)]
as discussed in connection with the Meissner effect deep in a superconductor, where the magnetic field is required to vanish (cf. Ref. 19 ). This can be seen in the present context as following from the vanishing of the field tensor,
so that both the magnetic and electric fields vanish. Substituting the pure gauge field K µ ≡ ∂ µ Λ into a massless wave equation gives
An inhomogeneous solution of (140) can be obtained from a Green's function technique as follows:
The four-vector Green's function G µ then follows from the calculation
yielding the integral form of the Green's function as
This integral can be performed as an integration in the complex plane in a manner similar to that used to obtain the electromagnetic retarded potentials. The result is not required here. It is enough to say that the resulting Green's function yields the inhomogeneous solution for Λ via the integral
However, as is well known, the pure gauge field does not couple to a conserved current. At any rate, the Green's function approach has yielded the momentum space Green's function following from (143) as
which is purely longitudinal in the direction of k µ . "Ghost" fields in nonabelian gauge theory also appear to be of this "pure gauge" form (cf. Sec. 15.6 in Ref. 19) . Ghost fields are useful in studying the renormalization properties of nonabelian gauge theories. Currently in QCD these pure gauge ghost fields are enigmatically labeled as fermions due to the sign of the contributions to their Lagrangian. This amounts to a violation of the spin-statistics theorem which is however ignored since the ghost fields are not considered to be physical degrees of freedom. A reclassification of these states as relativistic longitudinal gauge (formally anti-Hermitian) four-vector fields in SU(3) might restore the boson nature of pure gauge fields to these particles, eliminating a current paradox. In passing note that the relativistic longitudinal gauge condition in SU(n) would be defined as follows:
where the t a are elements of the Lie algebra. The condition (146) is routinely taken as implying a pure gauge field.
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The use of pure gauge fields in nonabelian gauge theory is discussed in Sec. 12-1 in Ref. 2.
C. The case of pseudo-four-vector current coupling
The results of Sec. IV A suggest that a coupling of the four-vector field K µ to a conserved four-vector current appears to be problematic. Indeed, K 0 , the only effectively Hermitian component of the potential K µ , acts like a free field. However, there are examples of four-currents which are not conserved. The four-current coupling of a nucleon iso-spinor to a pseudo-scalar π meson isotopic (three) vector exhibits what is referred to as "differential current conservation", (cf. Ref. 20) . In this case the proton and π + meson currents are not separately conserved, but their combination is conserved. It is interesting, therefore, to consider the case of pseudo-four-vector current coupling to the K µ field in its own right.
and so the four-divergence ∂ µ K µ is no longer a free scalar field. [Contrast with (65) where it is easy to show in a similar fashion using (153) and (154) that the four-divergence of a four-vector current j µ g = gψγ µ ψ is zero.] The covariant canonical momentum (71) follows as before (in the units of this section) as
Now, in order to simplify calculations it is desirable to use the relativistic longitudinal gauge constraint (47), G µν = 0. However, in Sec. III D it was suggested that this constraint would most likely be imposed as a restriction on the positive frequency parts of G µν as per (58). But, the restriction (58) still implies that
and since the expectation value of an operator is the relevant quantity in the classical mechanical limit, the author will cavalierly set G µν = 0 in the calculations which follow. Therefore, the only surviving component of (157) in the relativistic longitudinal gauge is the momentum canonically conjugate to the scalar field component K 0 , namely,
and so by (156), the (potentially observable) canonical momentum Π 0 gi has a pseudo-scalar wave equation,
with a "mass" as defined previously in (66), namely m s = µ g / λ g , where λ g > 0. Equation (160) is of a similar functional form as the wave equation for a π 0 meson (pure real pseudo-scalar field) coupled to a proton via an attractive Yukawa potential (cf. Eq. (10.10) in Ref. 20) . However, in (160) g is taken as a pure imaginary valued coupling constant and Π 0 gi is an anti-Hermitian operator (i.e., (160) is a wave equation for an anti-Hermitian pseudo-scalar field which can be rewritten to look like it is for a Hermitian pseudo-scalar field). Also, there is that curious appearance of the fermion mass m (as well as a factor of 2) on the rhs of (160).
The energy-momentum tensor formulation follows as before from (75). However, in the present case when one calculates the four-force densities one must use the pseudo-four-vector current (147). The four-force density in the relativistic longitudinal gauge (96) becomes
where either of the two general forms in (161) are equivalent if one assumes G µν = 0 in anticipation of the calculation of an expectation value for the force law. There will be higher order interaction force terms of quantum mechanical origin as well. Also, it should be emphasized that the Lorentz-type force law (116), which vanishes in the relativistic longitudinal gauge, does not follow from a single particle Lagrangian approach for this pseudo-four-vector current case due to the factor of γ 5 in the interaction Lagrangian (149). Therefore, the inconsistency present in the four-vector current case of Sec. IV A with respect to obtaining a force law does not arise here.
V. CONCLUSION:
The author is currently studying the interactions of relativistic longitudinal gauge fields with electromagnetic-type fields. For example, consider the enigmatic 1/2 quantum infinite zero-point vacuum contribution to the spin one electromagnetic field, which is currently ignored using normal ordering of quantum operators. Upon first inspection it appears likely that this vacuum contribution can be canceled via a coupling with an appropriate relativistic longitudinal gauge four-vector field, which has an analogous zero-point contribution but of opposite sign. This type of cancellation was discussed by Pauli in 1943 for a system of two harmonic oscillators (one Hermitian with positive energy and one anti-Hermitian with negative energy) [see Eq. (34) of Sec. 4 in Ref. 21] . He found that the ground state of the system was not uniquely determined when an indefinite metric Hilbert space was used (which is not surprising since his system was not bounded from below). On the other hand, the constrained system of one Hermitian four-vector field in the Lorentz gauge and one formally anti-Hermitian four-vector field with one effectively Hermitian component surviving in the relativistic longitudinal gauge, would be bounded from below and so this would be the first plausible use of the technique.
